ABSTRACT. The purpose of this paper is to prove existence of solutions of an SIRS epidemic model with time delay of continuous type and the variable incidence rate and to investigate some asymptotic behaviors of the SIRS epidemic model. An example illustrating the stability of the model is given. The results extend the corresponding results in the literature.
INTRODUCTION
Mathematical epidemiology seems to have grown largely starting in the middle of the 20th century [1, 3] and a tremendous variety of models have now been formulated, mathematically analyzed, and applied to infectious diseases. These models are defined in mathematical modeling forms with respect to disease status and consist generally of three components: susceptible (S) individuals that have been noninfected, and thus they are able to catch the disease, infected (I) individuals who are infected can spread the disease to susceptible individuals. The time that individuals spend in the infected state is called the infectious period; after they enter the recovered state, and recovered (R) individuals in the recovered state are assumed to be immune for life.
Several epidemic models and reviews on theoretical developments with stability analysis are described in [4, 5, 7, 10] . Recently, much attention has been given to the persistence and global stability of the epidemic model with time delay.
In 2004, Ma et al. [6] 
(t).
Here the positive constant Λ is the immigration rate, assumed all newborns to be susceptible, γ is the recovery rate of infected individuals, and µ 1 ≥ 0, µ 2 ≥ 0 and µ 3 ≥ 0 represent the death rates of the susceptible, infected and recovered, respectively. Also the constant τ ≥ 0 is the time delay.
Most of previous models assumed that an incidence rate is constant and a delay term is discrete type about an infected term and so these models may have the limits of realistic descriptions. In order to make a more realistic situation, we propose a continuous delay model with measure dη(s) about the delay which is in the infected term I. The function
Moreover, we propose a nonconstant function β(I) which is an incidence rate per unit time.
Thus, β(I)S(t)
∫ τ 0 I(t − s)dη(s) means the number of new infections in unit time. We assume that β(I) is a positive continuous function and there exists a constantĨ > 0 such that β(I) is nondecreasing on the interval [0,Ĩ]. Also, this epidemic model may have recovered individuals with temporary immunity, that is, the loss of immunity by immune individuals allows the disease to become endemic. So we have the relation S → I → R → S. Note that the total individuals N (t) = S(t) + I(t) + R(t) may be change in time t. A summary of the process is drawn in a flow chart in Figure 1 .
In this paper, we consider an SIRS epidemic model with time delay of continuous type as follow:
Here δ > 0 is the rate of removed individuals who lose immunity and return to susceptible class. γ > 0 is the recovery rate of infected individuals. All positive constants µ 1 , µ 2 and µ 3 represent the death rates of the susceptible, infected and recovered, respectively. In particular, we consider a variable incidence rate function(infected dependent) 
In fact, they studied global stability of an SIR epidemic model with time delays. Zhang and Teng [8] also considered a similar form to the model (1.1)-(1.3), but they used a constant β of incidence rate only. They studied global behavior of equilibria and permanence of the disease about an SIRS epidemic model with time delay. We remark also that the nonlinear incidence rates of another forms were studied(see [9, 11, 12] ). This paper is organized as follows: In Section 2, we prove the existence of solutions of the model (1.1)-(1.3) and derive the reproduction number and equilibria of the model (1.1)-(1.3). In Section 3, stability analysis for the SIRS epidemic model and an illustrating example is given.
EXISTENCE, EQUILIBRIA, AND REPRODUCTION NUMBER
In this section, we will show the existence and uniqueness of solutions for the model (1.1)-(1.3) and find the equilibria and reproduction number. First the initial condition of the model (1.1)-(1.3) is given as
where
By a biological meaning, we further assume that φ i (0) > 0 for i = 1, 2, 3.
Then we rewrite the model (1.1)-(1.3) in the following form:
We can see that the second term on the right hand side of Equation (2.2) satisfies
where the constant M > 0 is independent of the state variable S(t) and
it means that the function B is uniformly Lipschitz continuous on C. Therefore, we have the following result:
. There exists a unique solution (S(t), I(t), R(t)) of the model (1.1)-(1.3) with the initial condition (2.1).
Now we will find Equilibria and the basic reproduction number. Let (S, I, R) be an equilibrium point of the model (1.1)-(1.3) . These equilibria can be found by solving the following equations for S, I and R:
3) 
To obtain endemic equilibria of the system(1.1)-(1.3), by solving for I when I ̸ = 0, (β 0 + β 1 I)SA − (µ 2 + γ) = 0, we must consider the following equation:
where the constants a, b and c are given by
This equation may admit 
STABILITY ANALYSIS
In this section, we discuss the asymptotic behavior of the model (1.1)-(1.3) . From the biological consideration, we study the model (1.1)-(1.3) in the closed set
Lemma 3.1. If (S(θ), I(θ), R(θ)) ∈ Ω for all θ ∈ [−τ, 0], then (S(t), I(t), R(t))
∈ Ω for all t ≥ 0.
Proof. See Zhang and Teng [8] .
Disease free equilibrium
It may be that the stability varies according to the value of R 0 . Specifically, when R 0 < 1, it will appear locally asymptotically stable or globally asymptotically stable according to R * 0 . 
(t) = S(t) − S, y(t) = I(t) − I, z(t) = R(t) − R.
Then it follows from the model (
The linear part of the system (3.1)-(3.3) is
Let a solution of the exponential form to the system (3.4)-(3.6) be as follow:
Substituting (3.7) into the system (3.4)-(3.6) yield
Hence there must exist a value λ 3 > 0 such that f (λ 3 ) = 0. Thus the characteristic equation (3.8) has at least one solution with positive real part. Therefore, E 0 is unstable when
Thus there must exist a value λ 3 < 0 such that f (λ 3 ) = 0. Hence all solutions of the characteristic equation (3.8) have a negative real part. Therefore, E 0 is locally asymptotically stable when R 0 < 1. Furthermore, the model (1.1)-(1.3) has a unique equilibrium (Λ/µ 1 , 0, 0) when R 0 < R * 0 < 1. Hence all solutions must be asymptotic to (Λ/µ 1 , 0, 0) and the disease free equilibrium is globally asymptotically stable.
Endemic equilibrium Set
We note here that µ i (i = 1, 2, 3), and δ are parameters defined by the model (1.1)-(1.3).
Theorem 3.3. If the parameters satisfy the following two conditions;
and Proof. Let us define a Lyapunov function V (u t ) for the system (3.4)-(3.6) as follows,
Here, u t = (x t , y t , z t ) and ω i > 0(i = 1, 2, 3) will be given later. Then we obtain the time derivative along the solution of (3.4)-(3.6) as follows:
So dV /dt is negative definite if and only if (i) p < 0 , (ii) q 2 − 4pm < 0 . Let us choose ω 3 satisfying p < 0. Then we get
So we can choose ω 3 = (µ 1 + µ 3 ) 2 /µ 1 (µ 3 + δ) > 0. If we choose ω 1 = 1, then we obtain
Since µ i > 0 (i = 1, 2, 3), I 2 > 0 and A > 0, the coefficient e is positive. From condition (ii) we obtain 
